We show that the processes of π -π * transitions imprint themselves on the high-harmonic spectra when conjugated molecules interact with intense femtosecond laser pulses. It is found that a noninteger order peak appears in the harmonic spectrum with the photon energy equaling the excitation energy of the π -π * excitation. Further studies prove that this radiation is caused by the π -π * transition. The transition signals are prominent and can be easily measured as the corresponding radiation intensities are comparable to those of integer order harmonics. Our results pave the way for the study of excited-state electron-ion dynamics using high-harmonic spectroscopy. In comparison to the traditional absorption spectroscopy method relying on the synchrotron radiation source, the present approach is easily accessible for the use of a tabletop laser-based source. Furthermore, our study also provides a potential tool to probe the π -π * transition processes in femtosecond resolution.
I. INTRODUCTION
In recent decades, it has been widely recognized that the π -π * transition [1] plays an important role in many fields of chemistry, biology, and materials science. For example, in the chemical field, plenty of photoreactions, such as double bond isomerizations [2] and electrocyclic reactions [3] , have been interpreted by the π -π * transitions between molecular frontier π and π * orbitals [4] . Based on the π -π * transition, acetylacetone was used to produce the OH radical induced by ultraviolet (UV) irradiation [5] . In the biological field, the process of the π -π * transition is essential for understanding the luminous mechanism of biological chromophores [6] , such as the green fluorescent protein [7] . Also, the same transition process impacts the optical characteristics of xDNA base assemblies [8] . In film surfaces of various kinds of nylons, the different delocalization characters of π -π * transitions and transition dipole couplings are associated with the crystal structure pattern and intermolecular hydrogen bonding [9] . The π -π * transitions in organic molecules have been widely studied in both theory [10] [11] [12] [13] and experiment [14, 15] .
Characteristic and efficient π -π * transitions take place in conjugated compounds [16] . The conjugated compound is composed of alternating multiple (double or triple) and single bonds. Due to the conjugated structure, electrons in conjugated compounds are delocalized over the π bond system, which leads to the lower energy and greater stability of the molecule. In a conjugated compound, a strong π -π * transition occurs when an electron is excited from the π -type highest occupied molecular orbital (HOMO) to the π -type lowest unoccupied molecular orbital (LUMO) [17] . Hence, the excitation energy of the π -π * transition depends on the HOMO-LUMO energy gap, which has a close relation to the extent of the chain composed of alternating multiple and single bonds [18] . Traditionally, the excitation dynamics of conjugated systems * zhuxiaosong@hust.edu.cn † lupeixiang@mail.hust.edu.cn are studied by UV absorption spectroscopy [19] . In the optical absorption spectrum, a sharp absorption peak appears at the position where the photon energy equals the π -π * excitation energy. The corresponding wavelength is called maximum absorption wavelength λ max . For molecules with large HOMO-LUMO energy gaps, the effective measurements of optical absorption require a synchrotron radiation (SR) source [20, 21] . However, the SR source is unapproachable since the SR facility is huge, bulky, and expensive. Moreover, the time resolution available from the SR is typically just in the picosecond scale, which is too low to probe electronic dynamics [22] . Therefore, an easily accessible method in the natural time scale of electronic dynamics to study the π -π * excitation processes becomes an urgent demand.
With the development of intense ultrashort laser technology, high-harmonic spectroscopy (HHS) opens up a new frontier to study the laser-matter interactions [23] [24] [25] . High harmonics are a series of integer order radiations that are generated when intense femtosecond laser pulses interact with atoms or molecules [26] . As an ultrafast nonlinear process, highharmonic generation (HHG) makes it possible to get insight into electronic structures and probe electronic dynamics in a femtosecond and even subfemtosecond time scale. This feature of HHG helps people better understand the microscopic world. For example, the electronic orbitals of molecules can be imaged with subfemtosecond resolution using amplitudes and phases of high harmonics [27] [28] [29] [30] . In addition, the chiral HHG method paves a way to probe the molecular chirality on a subfemtosecond time scale [31] [32] [33] . Owing to the interferences of different channels, the attosecond multielectron dynamics of molecules in an intense laser field are revealed by high-harmonic interferometry [34] . Based on HHS, the attosecond charge migration process can be also resolved spatially and temporally [35] . Also, HHG provides an effective tool to map the process of chemical reactions [36] . The ability to follow the evolution of electronic wave packets on their natural time scale has been a major concern of attosecond science in the past two decades [37, 38] .
Recently, HHG involving excited states below and near the ionization threshold has attracted much attention. For example, Beaulieu et al. [39] experimentally demonstrate that the populations of excited states influence the HHG by two pathways. The first one is called e-HHG [40, 41] , which occurs when the electrons are ionized from excited states and recombine to the ground state. The other one is the free induction decay (FID) process [42, 43] . In this process, first an electron is captured into an excited state with long lifetime. Then it will give rise to a narrow-band radiation at the field-free resonance energy via subsequently spontaneous emission.
Herein, we investigate the high-harmonic generation of conjugated molecules benzene and trans-1,3-butadiene driven by an infrared femtosecond laser using time-dependent density functional theory (TDDFT). It is found that a sharp noninteger order peak locates in the low-energy region of the harmonic spectrum, and the corresponding photon energy is consistent with the π -π * excitation energy shown in the optical absorption spectrum. The photon energy of the noninteger order peak remains the same when the wavelength of the laser pulse is changed. Our study shows that the noninteger order radiation peak is also caused by the π -π * transition. Unlike the optical absorption response, this transition is the inverse process of the optical excitation transition, i.e., this transition occurs from the LUMO(s) to HOMO(s). This mechanism is further confirmed by investigating the dependency relationship between the radiation intensity and the elevation angle of the laser field. This work extends the scope of HHS and establishes it as a potential tool for studying excited-state dynamics and photoexcitation processes. Compared with a traditional absorption spectroscopy method using a SR source, the HHS method has the advantages of accessibility and high temporal resolution.
II. THEORETICAL MODEL
In this work, the harmonic spectra and optical absorption spectra of the benzene and trans-1,3-butadiene are calculated using the three-dimensional (3D) TDDFT [44] . This methodology is an attractive alternative to study HHG and optical absorption due to its natural inclusion of multielectron dynamics [45] [46] [47] [48] [49] [50] . In the TDDFT method, the evolutions of systems are described by a set of auxiliary noninteracting one-particle Kohn-Sham orbitals, which satisfy the timedependent Kohn-Sham (TDKS) equations (atomic units are used throughout this paper unless otherwise stated)
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(1)
In Eq. (1), N different Kohn-Sham orbitals ψ i (r,t) are propagated in time. The time-dependent electron density n(r,t) is constructed by n(r,t) =
The time-dependent Kohn-Sham potential v s is a functional of this density and is defined as
t). (2)
v xc (r,t) is the exchange-correlation potential accounting for all nontrivial many-body effects. Here, we apply the general gradient approximation in the parametrization of PerdewBurke-Ernzerhof [51] . v ne (r) represents the interaction between valence electrons and the ionic core, and is modeled by norm-conserving Hartwigsen-Goedecker-Hutter pseudopotentials [52] . v ext (r,t) is the external potential due to external laser fields. The TDKS equations are propagated in time using the approximated enforced time-reversal symmetry [53] scheme. The unphysical reflections are overcome by adding an absorptive boundary on the wave functions at the edge of the grid.
In the HHG response, the interaction term of full Hamiltonian is treated in dipole approximation as v ext (r,t) = r · F(t), where F(t) is the electric field of the laser pulse. We adopt a trapezoidal envelope with a total duration of eight optical cycles (with two-cycle linear ramps and four-cycle constant center). The harmonic intensity is calculated from the Fourier transform of the dipole acceleration:
where the time-dependent dipole d(t) is given by
In order to obtain the optical absorption spectrum in a given direction, such as the z direction, we excite all frequencies of the system by adopting a kick electric field v ext (r,t) = −κzδ(t) [16, 54] , which is equivalent to imposing a short-duration small momentum κ on the electrons. The Kohn-Sham orbitals at time δt can be analytically obtained as ψ i (r,δt) = e iκz ψ i (r,0). After the time-dependent propagation, the absorption intensity can then be obtained from the dipole strength function S(ω) written as
where α(ω) is the dynamical polarizability and is obtained by
In our numerical simulations, all calculations are performed with the OCTOPUS [55] package. We use the spatial spacing of 0.3 a.u. and the time step of 0.02 a.u. The ionization potentials I p obtained by the ground-state calculation is 9.230 eV for the benzene and 8.822 eV for the trans-1,3-butadiene, which are consistent with the experiment values [56] (I p = 9.250 eV for the benzene and I p = 9.080 eV for the trans-1,3-butadiene).
III. RESULTS AND DISCUSSIONS
Figure 1(a) shows the calculated optical absorption spectra of the benzene for the x and z directions. Herein, the benzene molecule lies in the x-y plane. The coordinate system is presented at the top of Fig. 1(b) . The kick momentum κ is 0.01 a.u., and the time evolution is run for a maximum time T = 800 a.u. In Fig. 1(a) , it is shown that a narrow peak appears at 6.85 eV in the absorption spectrum for the x direction. This prominent absorption originates from the π -π * transition, and the position of this peak corresponds to the excitation energy E. Our results are in agreement with the experimental observation and the theoretical simulation, where the excitation energy E is around 6.90 eV (λ max ≈ 179.7 nm) [12, 16, 20] . The process of the absorption response is illustrated in Fig. 1(b) . As shown in Fig. 1(b) , the HOMOs (π 1 and π 2 ) and LUMOs (π * 3 and π * 4 ) of the benzene are doubly degenerate π orbitals. When excited with light, the electron undergoes a transition from HOMOs to LUMOs, accompanied by an absorption of a photon. The transitions between those states are responsible for the strong absorption at 6.85 eV. are zeros. Hence, the absorption in the x direction is only attributed to the π 1 -π * 4 and π 2 -π * 3 transitions. Similarly, the absorption in the y direction is only attributed to the π 1 -π * 3
and π 2 -π *
, and d π 2 -π * 4
) of the benzene shown in Table I are zeros. This indicates that the π -π * transition in the z direction is forbidden. The optical absorption spectrum of the benzene for the z direction is shown in Fig. 1(a) . One can see that no obvious absorption peak appears at E. The result is consistent with the fact that the π -π * transitions in the z direction are forbidden.
The high-harmonic spectrum of the benzene driven by the laser pulse polarized in the x axis is shown in Fig. 1(c) . The wavelength of the laser pulse is 800 nm and the laser intensity is 8 × 10 13 W/cm 2 . This laser pulse can be easily accessed using a commercial tabletop Ti:sapphire femtosecond laser system in optical laboratories. It is shown that the harmonic spectrum is composed of a series of radiation peaks whose frequencies are odd multiples of the driving laser frequency. These peaks present the typical high harmonics. Besides these integer order harmonics, there is a remarkable noninteger order radiation peak between the third harmonic and the fifth harmonic in Fig. 1(c) . The intensity of this radiation peak is comparable to those of integer order harmonics. It is worth noting that, as the black dashed arrow indicates, the photon energy of this radiation peak is equal to the π -π * excitation energy shown in Fig. 1(a) . The coincidence between the photon energy of the noninteger order radiation and the π -π * excitation energy implies that this radiation may originate from the π -π * transitions from LUMOs to HOMOs, i.e., the inverse processes of the optical absorption response. When conjugated systems are irradiated by an external intense femtosecond laser pulse, electrons may be pumped up to LUMOs and then jump back to HOMOs, accompanied by an emission of a photon. Figure 1(d) presents the harmonic spectrum of the benzene driven by a laser pulse polarized in the z axis. Herein, the noninteger order radiation peak does not appear. This result is consistent with the fact that the π -π * transition in the z direction is forbidden. The trans-1,3-butadiene is also adopted to probe the π -π * transition in the harmonic spectrum. The geometrical configuration of the trans-1,3-butadiene molecule and the coordinate system are presented at the top of Fig. 2(b) . The optical absorption spectra of the trans-1,3-butadiene for the x and z directions are shown in Fig. 2(a) . The kick momentum κ and evolution time duration T are the same as those chosen for the benzene. One can see a sharp peak at 5.81 eV in the absorption spectrum for the x direction. As illustrated in Fig. 2(b) , the absorption is also caused by the π -π * transition between the HOMO (π 1 ) and LUMO (π * 2 ) of the trans-1,3-butadiene. The position of the absorption peak is in agreement with that observed experimentally and calculated theoretically, where the excitation energy E is around 5.69 eV (λ max ≈ 217.9 nm) [19, [57] [58] [59] . The π -π * transition peak is not found in the absorption spectrum for the z direction shown in Fig. 2(a) . This indicates that the transition in the vertical direction is forbidden, which is confirmed by the zero value of the z component of d π-π * as shown in Table I . Figures 2(c) and 2(d) present the harmonic spectra of the trans-1,3-butadiene molecule driven by the laser pulses polarized in the x axis and z axis, respectively. The wavelength and intensity of the laser pulse are the same as those chosen for the benzene molecule. A prominent noninteger order peak is found in the harmonic spectrum between the third harmonic and the fifth harmonic in Fig. 2(c) . The photon energy of the radiation peak corresponds to the π -π * excitation energy 5.81 eV as shown in Fig. 2(a) . This correspondence also implies that the radiation may result from the transition from the LUMO (π * 2 ) to HOMO (π 1 ). The absence of the noninteger order peak in Fig. 2(d) is consistent with the fact that the corresponding π -π * transition is forbidden in the z direction as shown in Table I .
The mechanism of the noninteger order radiations for the benzene and trans-1,3-butadiene are further examined by varying the laser wavelengths from 740 to 920 nm. Figures 3(a)-3(d) and 3(e)-3(h) show the harmonic spectra at the energy region ranging from 3 to 13 eV for the benzene and trans-1,3-butadiene, respectively. Herein, the laser intensity is 8 × 10 13 W/cm 2 and the laser pulse is polarized along the x axis. The linearity coordinates are adopted for much clearer observations of the radiation peaks. The pink dashed vertical lines indicate the excitation energies E of π -π * transitions. One can see that the noninteger order radiation peaks appear in all the figures except Fig. 3 (d) (this will be explained later). It indicates that this noninteger order radiation is a general phenomenon. Moreover, the peaks always locate at the positions corresponding to the π -π * excitation energies E. This confirms that the noninteger order radiations are due to the π -π * transitions in conjugated compounds, being independent of the driving laser wavelength. The gray dashed diagonal lines indicate the fifth harmonic, which gradually approaches the noninteger order radiation peak with increasing the laser wavelength. In addition, the harmonic efficiencies generally decrease with increasing the laser wavelength. This is due to the wavelength scaling law [60] of HHG. It is worth noting that a prominent enhancement occurs for the benzene with the wavelength of 920 nm as shown in Fig. 3(d) . This is caused by a resonance effect [61] [62] [63] [64] due to the overlap of the π -π * radiation peak and the fifth harmonic peak, where E, right, equals five times the photon energy of the driving laser. plumes (such as GaAs, InSb, etc.) [65] , this signal in large organic conjugated molecules originates from the transition between the characteristic π and π * orbitals and contains significant information of the molecular dynamics.
In order to further confirm the mechanism of noninteger order radiations, we study the intensity variations of integer and noninteger order radiations by varying the polarization direction of the laser pulse. The polarization direction of the laser pulse rotates in the x-z plane from the x axis to the z axis, and is described by the elevation angle φ as shown in Figs. 4(a) and 4(b) . The elevation angle φ is defined as the included angle of x axis and the polarization direction of the laser pulse. Figure 4 shows the normalized radiation intensities of the components parallel to the polarization direction of the driving laser field. The results for the benzene are shown in Fig. 4(c) and those for trans-1,3 -butadiene are shown in Fig. 4(d) . The wavelength is 800 nm and the laser intensity is 8 × 10 13 W/cm 2 . The normalized intensities of the 3rd, 5th, and 11th harmonics are denoted as H3, H5, and H11, respectively. One can see that the normalized intensities of integer order harmonics decrease firstly, reach their minimum at about 50
• , and increase with further increasing the elevation angle φ. The variations of intensities of the parallel component form U-shaped curves. By contrast, for noninteger order radiations, the normalized intensities of the parallel components, denoted as H π-π * , decrease monotonously with increasing φ. The different tendencies indicate that integer order harmonics and noninteger order radiations result from different physical mechanisms. In order to validate that the noninteger order radiations are closely related to π -π * radiations, the normalized dipole transition probability |d radiations can be observed in high-harmonic spectra only when the corresponding transition probabilities are large enough for various atoms and molecules. In the conjugated molecules, the π -π * radiations can more easily show up in the harmonics spectra because the transitions between the conjugated π -type HOMO(s) and LUMO(s) are typically very strong. In this work, the π -π * radiations from aligned molecules are discussed. Since the π -π * radiations can take place in all directions except for the directions along the ±z axis when the polarization directions of the laser pulses vary, the π -π * transition signal will survive an orientational averaging if a randomly aligned molecular sample is considered.
The duration of the bound-bound emission is also a significant feature to reveal the underlying mechanism. For example, distinct time decays of radiations are found in the FID process [39] and resonance-enhanced HHG [62] . In order to shed light on the π -π * radiation process unambiguously, we study the emission times by performing the time-frequency (TF) analysis. The TF spectra are calculated using the synchrosqueezing transform (SST) [66] . Compared with traditional TF techniques (such as Gabor transform, Morlet transform, etc.), the SST can resolve the intrinsic blurring in the TF spectrum below the ionization threshold and produce a clear spectrum [67] . Figures 5(a) and 5(b) show the TF spectra for benzene and trans-1,3-butadiene with the same laser parameters adopted in Fig. 1(c) , respectively. One can clearly see three radiation signals in the TF spectra, i.e., H3, π -π * radiation (indicated by E), and H5. For the benzene, one can see a competition between the H5 radiation and π -π * radiation since the E is close to the photon energy of H5 as shown in Fig. 5(a) . Specifically, the π -π * radiation is dominant in the rising part of the pulse (zero to two optical cycles) with low laser intensity firstly. Then H5 radiation becomes dominant in the plateau of the pulse (two to six optical cycles) with high laser intensity, and the π -π * radiation becomes weak. Finally, the π -π * radiation dominates again in the falling part of the pulse (six to eight optical cycles) when the laser intensity decreases. For the trans-1,3-butadiene, E is close to the photon energy of H3 as shown in Fig. 5(b) . The H3 signal is always dominant, and the π -π * radiation is always comparatively weak. Concerning the emission times of the π -π * radiation for both benzene and trans-1,3-butadiene, there is no obvious time delay. This is because lifetimes of the excited states (LUMOs) in the π -π * radiation processes are shorter in comparison to the typical FID and resonance-enhanced HHG processes.
IV. CONCLUSION
In summary, we demonstrate that the HHS provides a direct approach to probe the π -π * transition in conjugated compounds. More specifically, a noninteger order radiation whose energy accurately matches the π -π * excitation energy is observed in the harmonic spectrum. Our study further confirms that the radiation originates from the π -π * transition mechanism by scanning laser wavelengths and studying the elevation angle dependence of the integer and noninteger order signals. Our HHS approach offers a useful tool to study the π -π * transitions of conjugated compounds. Compared with a conventional optical absorption method with SR source, our scheme, performed with a single beam of femtosecond laser pulse, considerably simplifies the experimental setup. This work opens a promising route to probe excited-state dynamics and photoexcitation processes in their natural time scale.
